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Consider any matrix of zeros and ones with at most n ones in each row and fewer
than (k+1) n ones in all. Ossowski showed that, by deleting no more than k
columns, one can get a matrix which contains no r_(n&r+1) submatrix of ones
for r=1, 2, ..., n. We give a short proof of Ossowski’s theorem in the slightly
stronger form: any minimal set of columns, whose deletion has the desired effect,
has cardinality at most k.  1997 Academic Press
1. INTRODUCTION
The aim of this note is to give a short proof of a slightly improved
version of the following theorem of Ossowski [2, Theorem 2]. (We will
work with the set-theoretic formulation of Ossowski’s theorem. As usual,
by considering an incidence matrix, we could restate it in the language of
combinatorial matrix theory, as in the abstract.) Our improvement
(Theorem 2) consists in showing that any minimal set satisfying (1) also
satisfies (2).
Theorem 1 (Ossowski). Let n be a natural number. Given a finite
family of sets (Aj : j # J ) with |Aj |n for each j # J, we can find a set
Xj # J Aj such that
(1) |i # I Ai"X |n&|I | for every IJ with 0<|I |n, and
(2) |X|j # J |Aj |n.
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Ossowski proved Theorem 1 in response to a question of mine, whose
original motivation came from recreational mathematics: the following
corollary (cf. [2, Lemma, p. 72]) is useful in the study of a certain com-
binatorial game. The corollary is an easy consequence of Theorem 1 and
Hall’s theorem [1, Theorem 1].
Corollary. Given sets A1 , ..., An with |Aj |n for j=1, ..., n, we can
find a set XA1 _ } } } _ An such that
(1) for any set S with |S"X |n, the family (S"A1 , ..., S"An) has a
system of distinct representatives, and
(2) |X |( |A1|+ } } } +|An| )n.
2. THE PROOF
If v is a vertex of a (simple) graph, then N(v) is the set of all vertices
adjacent to v, and d(v)=|N(v)| is the degree of v. We regard a bipartite
graph as a triple (X, E, Y ) where X and Y are disjoint sets and EX_Y.
Lemma. Consider a finite bipartite graph (X, E, Y ) with no isolated
vertices in X, and a function f : Y  [0, ). If the inequality d( y)d(x) f ( y)
holds for each edge (x, y) # E, then |X |y # Y f ( y).
Proof. We may assume that there are no isolated vertices in Y; then
|X |= :
x # X
:
y # N(x)
1
d(x)
 :
x # X
:
y # N(x)
f ( y)
d( y)
= :
y # Y
:
x # N( y)
f ( y)
d( y)
= :
y # Y
f ( y). K
Theorem 2. Let n be a natural number, (Aj : j # J ) a finite family of
sets with |Aj |n for each j # J, and Xj # J Aj . If X is a minimal set with
the property that | i # I Ai"X |n&|I | whenever IJ and 0<|I |n, then
|X |j # J |Aj |n.
Proof. For each x # X we can choose IxJ so that 0<|Ix|n,
|i # Ix Ai "X |=n&|Ix| , and x # i # Ix Ai ; otherwise X could be replaced by
X"[x] contradicting the minimality of X. We will apply the lemma to the
bipartite graph (X, E, J ) where E=[(x, j): j # Ix]. All we have to do
is show that the hypothesis of the lemma is satisfied by the function
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f ( j)=|Aj |n. Consider an edge (x, j) # E; we have to show that d( j)
d(x) f ( j), where d(x)=|Ix| and d( j)=|[x : j # Ix]|. Now, |Aj "X |
|i # Ix Ai "X |=n&|Ix|; hence d( j)|Aj & X |=|Aj |&|Aj"X ||Aj |&n+
|Ix|=nf ( j)&n+d(x), and so d(x) f ( j)&d( j)d(x) f ( j)&nf ( j)+n&
d(x)=(n&d(x))(1&f ( j))0. K
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